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(Introduction to path integral theory)
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ldrnoruur6ororrirs lullunr:drrrru6ludn:;lra (propagaror) Ioaordanrru6od.irrdu r,t
rduaoralnrnfitdrrnrrsuontufioornrduflrrBuuqfu (crassical parh) d'rrrajnr:orarflup1a:.:ruroudr ul
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abstract

The method of Feynman in evaluationg the particle propagator is reviewed. According to Feynman's

ideas, apart from classical path, there are many possible paths of a partlcle to go from polnt a to point b in a
given time interval. The propagator is the summation of the probability amplitude of all possible paths. By

replacing the summation with integration the calculation can be done. Furthermore, lhe obrained propagator also

leads ro lhe wave functions and energy of the system.

1. umri-r

rflufim:ruriud'irnnrtr dqior au oi'ru ur rlrilifi a rirrf, o du n {r u:nornn r:dlnu t a{rinly srqraoi
rrrtga:riudalarzuruaintuil tszs lsrzuruoinldordafidnnr:odoroa{ (The correspondence principle)

$a cleiordeo[is]araoirruulfirjdrieni r$ oind uir rjr €Jlun rr *riiJrgr,r rrirlrirfi oi r rn aetraoinraudr ur t
lurjrianir naaraqiBJoind (marrix mechanics) r.ra',rornrilnie,:rdnfaaluflrdflrnjud rrrnaaiarzoS-
uaudfirininaroraoidafuifr,:roaiidrirnrrl6ola,:roor:aaii lnrrl6ofiiraar:riluldri,rn6uua:alnrny
1 rfisur{Jua nr:ofiurirhJrJ::qncid'uiJqurairr 1 r.J:rn4.iririnarfluoer.r6 vrqr*frra,rlli6orooirialri

tfronaoraqjnraudrJuuulurjrisnirnnoraoirE,rndu (wavc mechanics) naRraqi?i,raoauuudnrirrrjrr

oiuuriorbiruao:rri'rnr:roaarriJuotir,:6ursierioaraoidtflunr:rirurru iprruoirr l rYlfiai'nr*ruruorn

sirrornanferaraoifiLi'llnndraqilruuariu (classical rnechanics) loed'urgo 3lrrueirr 1 tuiJRndrrrr
oriuqn*nurfterd'rrittfilrnt5 loperaror') umufio:rfluollraro::lord,rriJud,rfirdrhloieiaurir.:ern o',:u"u5,t
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fifin$lRnd,iT uruiririaadl6i srerrJ6odrnaqraqfioal?inrlqara0sfififliaraqiudrlunaRT aoiuurr-r

ofrlosuerrtnHa;danr:}idrcirriunr:ua:fiurrldnrrr6ollnaoraniuuuqriuuvru {fi drrB olun r: air't

naorasriorousinluuu'rddovhai$&r (Feynman) luil rsag ttrtauanadrdqinloldrulu;Uutrrotnr:

6rftrn:ororurduvr! (path inregration; dtaur:nfi4oriioiir'lriH armfi auriunnoraotititndl lol
lridr roaiqn :rnr:

2. mquiin'l:aufi tniererrNrduml't

l^hrriurJud'{rn q'i r lirt:roia,: nr:6nsrn0 frn::r a at Ota o o: aut:r o r oldi6n r: t o,rlgih{ rl o Srd a

xb

!La: L(x, i. o = | to']- v (x, r),

6o*aariu (action) uaJaln:10tfi8 (lagrangian)

o"'ru'rrttvriirnurararrurjrovtflu (wave funcrion) rol6tanotaufi r:uqfrdruflunf,u usiornnr:itn:r:ri

tJryurrfierfi'ro::llrhsaanrrriJuhldr{onduuorttln',uuao,ririirnutaoafiuirann:arrfuarorirurru'[d

loe6oiriranq:outiluarprn

fior:ruroqnrndrudorndoudornqo a 0l t'ra1 r. hldolo b tu [?a'] t" {tfiaorrud:otnflorrrur

nrrlnf,audluufi,rftfi) lunaoraoiuuuodur:rdtrt:nuonairuurittotolnrofrtrarlo 1 
'td riu6ar:r

m:rrrduurrfiu uallatalnrn€'rfiaqjtfiartdurr{t6er uai'turrInraudrtrrbiatlr:ntandruu trao

arlnre durhauranloirfie,:lanraio,torrurirlltflutrirrll v'ha{tutuflu'jrtdunrtnr:todautotalnro

fil6rrnrrsuaraldumrruontufioorntdumrlultoJu lclassical path) dt1 fi I

classical path

nnccihl a rri t-h

:ild I

uonornrYuv'lra{u1ldtluirdrwusalnrrlriro:ti.lu (probabilitv amplitude) sa':uoia;ld!lrtfi

s u r orrirfi'u oirr ril ton r:M atvirrYl ua:aur:nrflauaqilulJ

Q t^tt)l = (const.) 
"*p I s t*(t)] ]

load s = J rtx,i'Pat,
tb "

riluraralnrodrr'fioufiorn 1o a tu tlfl't l. hldlqo u ru t?n1 r^ ri{d

K(b.r) = <xd.to. xJ. t, > = [X(0]

lntdumDiOn

= (const) exp I S [(x(t)]

qttdurrtorn a J b

( l)

(2)

(3)

qrrairdu liraitululdfr sr drv{u1o'to'lrrirot

ab
(4})
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uaititlhli''fludi1d?uiiniJnlo (propagaror or Eansilion amplitude) rdolorn,inrrltdlnr,rdrfllftj
ld#,rlnrofidrriluoriuolnr:rrlii'inu'h.r1a;6,rrturia,rri,rarnlrn rdauriilrgnrdr{rariruruldu1daunr:urn|1
(4) rijrn 1i a!tlrnrq uvrr.r? 6nr:id'rd

utjuirlnnrarn t" fil t oonrilurirttf,n 1 nirlrrirdlrill,irlru N ri? oefr

t"-t-, = t",'-t-,= ' =t-t.,
= t2-tr= tr-to= €
NE= l-tn,t0 =t,r.=l,X(t0) = X. ua! X (t") = Xo

loanr:uri ar-r{luqot di,:vaclir,lr rdvdo t udnct rtrarorf,an x findo,rool
riu t ndalo loa rfudrardrq:o r:rfiorldnr*duarorinroud*dunr,r digrJfr z

,o ti ,irl

'hnr:rhunrrro,rolnlno1nlo 
x, 1 a'l1o 

",*,K(x.,X.) = i "*p [; s6..,,x,1 ]

= t *p t+l j,"' L(x. X.t)dtl

' ti ,('jtl--, 'i+l -'i 'i+l ''i )€ I (5)= ;exP 
€ 2 , 2

drruralarlrjro:rthfunr:rdwrlro{oqnlnornqo a tu na1 t - hld,rlo u ru r.:ar t. Icatd
rdlnrrd,rSrJd z lrdurnr,rdair'rdulr; nr'ldornnr:qruriuaa,rrinrurjaalurirrdu 1#orro ril6a"

@xttlt = K(x,xN.,)K(xN.,,xN_,)...K(xx.r)...K(x"J,)K(x,,\)

a-9b

4..a, t It\tluun?ldu 1 O'muto{R?1Iu1A!{JuFa
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olnl d2 ns!ffui'rsnri! x(to)=x. rtaix(rN)=*o d flulc arsun:nldudr x(t )=x 101
'llrirqrardrndrrlvuri:eirLidrusi -o. dr o. dua{riurduvrrrdrdan dullaa:urotdrtlrrnusiat
rdunr'rdrfi rl'rrrurfl uoriudarrlr:nurloiornnr:0ufl n:oarnrr qot n dllda

K(b,a) = I. <D rxrrrt = t,.^ JJ...J liK(* ,*)o*.0^-...dx...dx. .dx..
a-tb €'to -- _ 

t=l '+r' ' r 2 i N_a N_l

N-l

= ]g5 JJ".J .*pti L l(:tt-'r'!^r''i 
"+.r'ilt 

frr'i2...fiN-r (7)

Iosfi A. 6afri :;notuuuatjrr (normalizing factor) lttuirfieirrfl!
(2?E!iq )7 alnrr 1ry irrlriauLioglu;rJiin:;r{oion'ird,rd

K(b,a) = f *01; sro,"tJ D txc) l

d'rrfludidnriulluurordufi tn:oorrdufl 1r (path integration)

q .u A q
3. snttflfltva'ta. {ng nauuav 6l{{'ltl

florrtrldrnl:8

rh
K(b,a) = J, 

"*p [; s tu,a] ] D tx(t) I (e)

, atb
rf,arorn s1u,a1 = J, L(x,)t,gdt orn q ruarrifr r orn t:dlfitn:otrr f,tr 1:o!l 0nri

(8)

61fl n:noanrtuaooeiru'ldnrirr6o

ttl
f b fc f b

Slb,al = J Ldt = J ldt + J Ldtttt
c

= S [b,c] + S [c,a]

tr1n6rrn1: (s) unr (to) ovldir

-r- rb
K(b,a) = t: J. ""p[i stu,"t] otxtttl e*p[is1c.a; D[x(t)]dx.

= f *10,"1 K(c,a) dx.

dordrafioufiuilalnrcundaldornlo a 6l u lrtrirriuarinlnlndaudaln a dt c udrlrn c fi,t

b ii1ruio,taln'rndrodoudorn a dt u o;trirfiunaqutoldmuuoia:rirttatnr:tfiunrl drul:'nt

ri'rr,r olarolnrndrnf,uudorn a 6.r u i'rldarnnr:dlin:odru : x- neirrda

(10)

(ll)
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(t2)

ry (X.,t. )

( l3)

( r4)

( l5)

( l6)

(t't)

lun':rifir:rlriadl'jlaqnraGrdl .rnlnsirunj o (x. a10a 1n1noiruuri,,rlo 1 flld; k@,a)

fllcnarariludl !rararru'i.wri,ufirnrualalad.i'uxrir x ru nar to iinrldldflf,ait,rfidundutitlal
lriau'loiurirrin (x ,r )

K(b,a) = K(X",ro,X.,t.)

dlfilrnarnr: (rr) u5o (tz) drLjaulodrunr.ilGldl (x,t) o{d

f*
v(xb,tb) = J 11 1x,,to:x.,t )v(x.,r ) dx.

a1 ld'jrrirr:rn':rui,hrtiuodu $ r.rai t ttar lruruuuulatdrudn:lorar:rfiarlr:nyrilld
t'lndl ru nar tlo1ldIoad t t,.

fior:rur:rurnofi (starionary sysrem;1o 1 uoialmrfirllal::rrLiduriunnrotirrfoudr droau
rorarnr:1r{fr'ttoa5.

H\,(x,r) = ;$vrx,9,

ovag'tugrJ

-:F I

rv(x,r) = rce6 "\,"(x)",: 
a.,

load c. = I vr*,,1 v'.(x)Ji' ax

unudr c a,rlu (ts) lcld

f- -Le,' .i-",
V(x,t) = EJ y1x,ry,y"(^)"4 n dx\y"(x.;er 

-i

l__ _rE(r-r,)

= l_ Ty,^, y (x')e tr n V" (x',f )dx'

r iaurfiaualnr.: 1rr; riu 1tr; o:l#h
- 
*r. t,u'l

EV(xr V ix,)eK(r,tlx,t) = n .
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oirfi!'jldlurin:ra1u K(x,t;x',t') o:'hinlliurir:rrfiarriuiltrld'lnduuasrqdl{rurt5atrfirr

4.dTl
nunrufiorarr,{roriuur dwrrGlrarolnrodldrrnrrslantrnialrnduvtrluuuoriu druai

nilalg (propagaror) d1rll:nlr domara:2l|lacdtrurjaorarvlntdunrl uddralGnl:dulrrpoarotlr

arrr:nr dalnr::?r (sumnarion) riJudlflrn:nurnrdllun'r.rrJflriBrirtir:rarrr:nirurofrtusin:rota

ld (o;uaornrrdrurru'lulanrasiahJ) drudn:;rradinrrlndranf,,rfiuilorlf,ue dunnoir,rrirrfia,rihrli'u

ndutjldrirnlolorirofuirirriluao.:'jrdruain::ora'hi:rua:t6oorfianiuarlnrnlrnnir uia:rriuddruai

n:vorari'tloidauV,l,rrfiiunduuavnd,,xrulioirsd'tarnr: (18) d{#rrr51nr1!giluainr:orofitrirtiun:ru4n

atirrrfiarriurluuodrrl:fiorrmqufilo,rriroriruuihlriufitirfiq a::na{uoara'lrr{,rdrdatornd,rriJu

vrq r*fi tmi ariornr anifi ldd,r aqll:;wh'rn rliorur

@nf,1rd1i6t

l. Feynman, R.P. and Hibbs, A.R., 1965. Ouantum Mechanics and Path Intesral. Mc Graw-Hill

Book Company. 365 p

z. ?1uri a'raoiln. zszs. rq*64'roudr. d'rrinfi lr{lwraln:nllurlnorda.

t5


